ON THE KAUFFMAN-VOGEL AND THE 
MURAKAMI-OHTSUKI-YAMADA GRAPH POLYNOMIALS 

HAO WU 

o 

■ Abstract. This paper consists of three parts. 

i-*-J First, we generalize the Jaeger Formula to express the Kauffman-Vogel 

graph polynomial as a state sum of the Murakami-Ohtsuki-Yamada graph 
polynomial. 

Then, wc demonstrate that reversing the orientation and the color of a 
MOY graph along a simple circuit does not change the sl{N) Murakami- 
Ohtsuki-Yamada polynomial or the sl(N) homology of this MOY graph. In 
fact, reversing the orientation and the color of a component of a colored link 
tn ' only changes the sl{N) homology by an overall grading shift. 

rH^ ' Finally, as an application of the first two parts, we prove that the 30(6) 

^^ , Kauffman polynomial is equal to the 2-colored sl(4) Reshetikhin-Turaev link 

(*^ ■ polynomial, which implies that the 2-colored s[(4) link homology catcgorifics 

"^^ ■ the so (6) Kauffman polynomial. 
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1. The Jaeger Formula of the Kauffman- Vogel Polynomial 

1.1. The Kauffman and the HOMFLY-PT link polynomials. The Kauffman 
polynomial P{K){q,a) defined in [5] is an invariant of unoriented framed link in 
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S'^. Here, we use the following normalization of the Kauffman polynomial. 

(1-1) \ PCX) PCX) = (i- i''^(p() ~ ^(X)) 

ip(>0)=aP()) 
The 5o{N) Kauffman polynomial PN{K){q) is defined to be the specialization 

(1-2) PN{K){q) = P{K)iq,q^-^). 

The HOMFLY-PT polynomial R{K){q, a) defined in [7l[l6] is an invariant of ori- 
ented framed link in S^. Here, we use the following normalization of the HOMFLY- 
PT polynomial. 



^(0) = f^ 



-1 
q-q- 



(1-3) <j RiX) RiX = ('^ - '^"')^0 

The sl{N) HOMFLY-PT polynomial RNiK){q) is defined to be the specialization 

(1.4) RN{K){q)^R{K){q,q''). 

It is easy to renormalize P{K){q,a) and R{K){q,a) to make them invariant 
under Reidemeister move (I) too. 

1.2. The Jaeger Formula. The Jaeger Formula can be found in, for example, 
[51 [TU] . Here, we give it a slightly different formulation. 

Given an unoriented link diagram D, we call a segment of the link between two 
adjacent crossings an edge of this diagram D. An edge orientation of D is an 
orientation of all the edges of D. We say that an edge orientation of D is balanced 
if, at every crossing, two edges point inward and two edges point outward. Up to 
rotation, there are four possible balanced edge orientations near a crossing. (See 
Figure [1]) 




Positive: X> Negative: 






Top outward: / v Top inward: 

Figure 1 . Balanced edge orientations near a crossing 

Denote by 0{D) the set of all balanced edge orientations of D. Equipping D 
with Q e 0{D), we get an edge-oriented diagram Dg. We say that g is admissible 
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if Dg does not contain a top inward crossing. We denote by 0{D) the subset of 
0{D) consisting of all admissible balanced edge orientations of D. 




Figure 2. Resolutions of a top outward crossing 

For Q £ 0{D), we allow the two resolutions in Figure [2] at each top outward 
crossing of Dg. A resolution <; of Dg is a choice of A or B resolution of every top 
outward crossing of Dg. Denote by S(Z?g) the set of all resolutions of Dg. 

For each (j £ S(Z?g) and each top outward crossing c of Dg, we define a local 
weight 



(1-5) [Dg,^;c] , ^ _^ 



q — q ^ if <; applies A to c, 
—q + q^^ if cr applies B to c. 

The total weight [Dg, <;] of the resolution <; is defined to be 

(1-6) [Dg,^]=ll[Dg,^;c], 

c 

where c runs through all top outward crossings of Dg. 

For <; G J^{Dg), denote by Dg,; the oriented link diagram (in the usual sense) 
obtained by applying <; to Dg. As an immersed curve in R^, Dg,; has a rotation 
number Tot{Dg^,;) (which is also known as the Whitney index or the degree of the 
Gauss map.) 

The following is our formulation of the Jaeger Formula, which is easily shown to 
be equivalent to the Jaeger Formula given in [6l [T0| . 

(1.7) P{D){q,a\-^)^ J2 E {a-'qy°'^''^-\Dg,,]R{Dg,,){q,a). 

Qeo(D)^enDe) 
Plugging a = q^ into the above formula, we get 

(1.8) P2N{D){q)= Y. E q~''''~'^'°'^''^'^^[Dg,,]RNiDg,,)iq). 

(?eC>(I3) ?es(_De) 

1.3. The Kauffman-Vogel polynomial, the Murakami-Ohtsuki-Yamada 
polynomial and the Jaeger Formula. The first objective of the present paper is 
to generalize the Jaeger Formula ()1.7|) to express the Kauffman-Vogel polynomial as 
a state sum in terms of the Murakami-Ohtsuki-Yamada polynomial of (uncolored) 
oriented knotted 4-valent graphs. 
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A knotted 4-valent graph is an immersion of an abstract 4-valent graph into 
M^ whose only singularities are finitely many crossings away from vertices. Here, 
a crossing is a transversal double point with one intersecting branch specified as 
upper and the other as lower. Two knotted 4-valent graph are equivalent if they 
arc isotopic to each other via a rigid vertex isotopy. (See [TTl Section f] for the 
definition of rigid vertex isotopies.) 




Figure 3. Vertex of an oriented knotted 4-valent graph 

We say that a knotted 4-valent graph is oriented if the underlying abstract 4- 
valent graph is oriented in such a way that, up to rotation, very vertex in the 
knotted 4-valent graph looks like the one in Figure [31 We say that a knotted 4- 
valent graph is unoriented if the underlying abstract 4-valent graph is unoriented. 
Note that some orientations of the underlying abstract 4-valent graph do not give 
rise to orientations of the knotted 4-valent graph. 

The KaufFman-Vogel polynomial P{D){q,a) defined in [TT] is an invariant of 
unoriented knotted 4-valent graphs under regular rigid vertex isotopy. It is defined 
by the skein relations (jl.ip of the Kauffman polynomial plus the following additional 
relation. 
(1.9) 

p(X) = -^(X) + 9^0 + '^"'^^X) = -^(X) + '^"'^0 + "i^CO- 

The so{N) KaufFman-Vogel polynomial PN{D){q) is defined to be the specialization 

(1.10) PN{D){q)^P{D){q,q^-'). 

The Murakami-Ohtsuki-Yamada polynomial R{D){q,a) of oriented knotted 4- 
valent graphs is an invariant under regular rigid vertex isotopy. It is defined by the 
skein relations (|1.3p of the HOMFLY-PT polynomial plus the following additional 
relation. 

(1.11) i?(X) = -^(X + '^^O = -^(X) + '^"'^0 0- 

The sl{N) Murakami-Ohtsuki-Yamada polynomial i?jv (£*)(?) is defined to be the 
specialization 

(1.12) RN{D){q) = R{D){q,q''). 

From now on, we will refer to the KaufFman-Vogel polynomial as the KV poly- 
nomial and the Murakami-Ohtsuki-Yamada polynomial as the MOY polynomial. 

Given a knotted 4-valent graph D, we call a segment of D between two adjacent 
vertices or crossings an edge. (An edge can have a crossing and a vertex as its end 
points. Note that an edge of the underlying abstract 4-valent graph may be divided 



For oriented knotted 4-valent graphs, the Murakami-Ohtsuki-Yamada polynomial was first 
defined by Kauffman and Vogel |11) . Murakami, Ohtsuki and Yamada |15) generalized it to 
knotted MOY graphs and used it to recover the Reshctikhin-Turacv sl{N) polynomial of links 
colored by wedge powers of the defining representation. 



KAUFFMAN-VOGEL AND MURAKAMI-OHTSUKI-YAMADA POLYNOMIALS 5 

into several edges in D by crossings.) An edge orientation of D is an orientation of 
all the edges of D. We say that an edge orientation of D is balanced if, at every 
crossing and every vertex, two edges point inward and two edges point outward. 
As before, up to rotation, there are four possible balanced edge orientations near 
a crossing. (Sec Figure [1]) Up to rotation, there are two possible balanced edge 
orientations near a vertex. (See Figure ID) 



Crossing-like: 




Non-crossing-like: 




Figure 4. Balanced edge orientations near a vertex 

Denote by 0{D) the set of all balanced edge orientations of D. Equipping D 
with Q G 0{D), we get an edge-oriented diagram Dg. We say that g is admissible 
if Dg does not contain a top inward crossing. We denote by 0{D) the subset of 
0{D) consisting of all admissible balanced edge orientations of D. 

For Q £ 0{D), we allow the two resolutions in Figure [5] at each top outward 
crossing of Dg and the two resolutions in Figure [5] at each non-crossing-like vertex. 
A resolution <; of Dg is a choice of ^ or i? resolution of every top outward crossing 
of Dg and L or R resolution of every non-crossing-like vertex. Denote by E(_Dg) 
the set of all resolutions of D„. 




Figure 5 . Resolutions of a non-crossing-likc vertex 

Fix a <; G T,{Dg). For each top outward crossing c of Dg, the local weight [Dg, <^; c] 
is defined as in (jl.Sp . For each non-crossing- like vertex v, we define a local weight 
[Dg, <^; v] by the following equation. 



[Dg,(;;v] = , _^ 



q if <; applies L to v, 
q " a ^ applies R to v. 



(1.13) 

The total weight [Dg, <;] of the resolution <; is defined to be 

(1-14) [Dg,,] = (]l[Dg,,;c]] ■ [l[[Dg,,;v]] , 
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where c runs through ah top outward crossings of Dg and v runs through aU non- 
crossing-hke vertices of Dg. 

The following theorem is our generalization of the Jaeger Formula to knotted 
4-valent graphs. 



Theorem 1.1. 

(1.15) P{D){q,a'q-^)-- 

Consequently, for N > 1 

(1.16) P2N{D)iq) = 



E E 



(a-ig) 



rot(Dj,,,) 



[Dg,^]R{Dg,,)iq,a). 



E z. 1 

eeo(n)?es(Dg) 



E 



(^-l)rot(D,„)[^^^^]^^(^^^^)(^)^ 



Remark 1.2. Murakami, Ohtsuki and Yamada |15| established a state sum formula 
for the sl{N) MOY polynomial i?Ar. Combining that with (|1.16p . we get a state 
sum formula for the so(2A^) KV polynomial. Specially, note that the s[(l) MOY 
polynomial of a 4-valent graph D embedded in M^ is simply given by 



(1.17) 



RiiD) 



1 if D has no vertex, 
otherwise. 



Using (|1.17p and (|1.16p . it is straightforward to recover the formula of the so (2) 
KV polynomial of a planar 4-valent graph given by Carpentier [21 Theorem 4] and 
Caprau, Tipton [1] Theorem 4]. 

We would also like to point out that the concept of balanced edge orientation is 
implicit in ^, in which Carpentier gave an alternative proof of [21 Theorem 4]. 

Proof of Theorem \1.1\ We prove Theorem 11.11 by inducting on the number of ver- 
tices in D. The proof comes down to a straightforward but rather lengthy tabulation 
of all admissible balanced edge orientations of D. 

If D contains no vertex, then (jl.lSp becomes (|1.7p . which is known to be true. 
Assume that p.isp is true if D has at most n — 1 vertices. Now let Z? be a knotted 
4-valent graph with n vertices. 




Figure 6. 

Choose a vertex v of D. Define D, D^ and D^ to be the knotted 4-valent graphs 
obtained from D by replacing v by the local configurations in Figure [51 By skein 



KAUFFMAN-VOGEL AND MURAKAMI-OHTSUKI-YAMADA POLYNOMIALS 



relation ()1.9p . we have 

(1.18) P{D) = -P{D) + qP{D-^) + q-^PiD^). 

Note that each of D, D^ and D^ has only n — 1 vertices. So (|1.15p is true for D, 
D^ and D^ . Thus, by (jl.lSp . to prove (jl.lSp for D, we only need to check that 

(1.19) Y. E {a-'qr'^''-^\D,,,]R{D,,,){q,a) 

geO(D)<;&T.{D^) 

= - E E (a-^<7)™*(^-'[S„<;]i?(S,,,)(g,a) 

+9 E E {a~\r'^''iADtAR{Dt){q,a) 

+'?-' E E {a~\r'~''^ADl,]R{Dl,){q,a). 

geO{DB)c;e^{Df) 

According to the orientations of the four edges of D incidental at v, we divide 
0{D) into six disjoint subsets 
(1.20) 

o{D) = o{D-y^ u o{D-y^ u o{D-y^) u o{D-y^ u o(aX) ^ ^(^;X)' 

where * in 0(1?; *) specifies the edge orientation near v. Note that, depending 
on Z), some of these subsets may be empty. Using similar notations, we have the 
following partitions of 0{D), 0(1?^) and 0{D'^). 

(1.21) 0{D) = 0{D-y() U 0{D-y^ U 0(i5;X) ^ ^'(i};^) ^ C'(i);^ 



V 

(1.22) 0{D^)^0{D^-') ()UO(I?^;) ()UO(D'^;) ()UC>(D'^;) (), 

(1.23) 0{D^) = 0(L»^;"''~^) U 0{D^;'^~^) U 0(1?^;"''-^) U 0{D^;'^-^). 
First, let us consider the subset 0{D; yv). There are obvious bijections 

0{D-y^ ^ 0{D^-) () 
that preserve the orientations of corresponding edges. Moreover, for each g G 
0{D;jf^)^ there are obvious bijections 






4,{g)) 

such that, for any <; S S(_Dg), <;, (pg{(;) and ^g(<j) are identical outside the parts 
shown in Figure [51 Note that the four edges at v are oriented in a crossing-like 
way. So <r (resp. V3g(<?) and V'e(^)) does not change the part of Dg (resp. £',p(g) and 
D^rp)) shown in Figure [6l This implies that 

(1-24) [D,,,] = [5^(,),^,(,)] = [D^^,),M'^)]- 
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It is also easy to see that 

(1.25) rotp,,,) - rot(5^(,),^^(,)) = rot{D^^^y^^^^)). 
By the skein relation (11.111) . we know that 

(1.26) R(D,^,) = -i?(5^(,),^^(,)) + qR{D^f^^^^.^^f^^^). 
Combining equations ()1.24p . p.25p and p.26p . we get 

(1.27) Y. E («-'9)'-°*^^--'[^.,<^]i?(^.,.)(9,«) 
eeo(D;^) 

= - E E (a-^<z)™'(^--)[5„^]i?(5,,,)(?,a) 

_ ^ ^ <,-es(_D,) 

+9 E E («-^9)"'<^-^[^^^]i?«)(9,«)• 

One can similarly deduce that 

(1.28) Y. E ia-\y°'^''^-\D„,]R{D,,,){q,a) 

eeO(£);j>^) 
= - E E {a-\y°'^^^-^[D„,]R{D,^,){q,a) 

eeo(D;^) 
+'^"' E E («-^9)™'<^--^[^f,^]i?Pf.)(g,a), 

geO{DB- ) 

(1.29) ^ ^ {a-\y°'^^^-\D„,]R{D,.,){q,a) 

eeO(D;^) 
= - E E («-''Z)™*^^--)[5„^]i?(5,,,)(g,a) 

+'/ E E {a-\y°'^<^nDf,,]R{Di^){q,a), 

(1.30) 5^ ^ (a-ig)™*(^-)[i?„,]i?(Z?,,,)(g,a) 

eeO(D;^) 
= - E E («-''7)™*^^--^[5„<;]i?(S,,,)(g,a) 

+'?-' E E {a-\y°'^''^^^HDf,^]R{D^,){q,a). 
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Now we consider 0{D;\^). There are obvious bijections 



0{D 
0{D 



X) 
X) 



4,^ 



0{D^) (), 



that preserve the orientations of corresponding edges. 

Given a gi G 0(1?; y(^), there are partitions 
(1.31) i:{Dg) = S^(Z?g)US^(Z?^), 

(1-32) s(5^(,)) = s-4(5^(,))us^(5^(,)) 

according to what local resolution is applied to v and the corresponding crossing 
in D. There are bijections 



S«(i?,) ^ 
S^(i?,) ^ 



^ i^vie))' 






^ (-^v{e))' 






such that the corresponding resolutions are identical outside the parts shown in 
Figure |6l 

For a <? G T."{Dg), it is easy to see that Dg^^ = D^{g)^^A^<;) = D^a^^^^^a^^^)- So 



(1.33) 



rot(i:>e,<;) = rot(L>^(g)_^A(,)) =rot(i:>,^^(^),^A(^)), 



(1.34) R{Dg^,) = R{%i.o).v-(,)) ^ R{K-{e),^t{.)) 



One can also easily check that the weights satisfy 
(1.35) 



q 



So 

(1.36) [Dg,<,] = -[5^(,),^^(^)] +g[i?,^.(,)>^(^)]. 
Combining equations (|1.33p . (jl.34p and (|1.36l) . we get 

(1.37) Y. {a-'qr'^''^''HDe,'^]R{Dg^,){q,a) 



-q E («"'«) 



-l^rotiD^,, 



\D. 



i,^{g) 



^]^«-f.), .)('/>«)• 
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Similarly, one gets 

(1.38) Yl {a-\y°'^''^^^\D„,]R{D,,,){q,a) 

Equations (fOT]) and (|L38)) imply that 

(1.39) E E («"'9)™'^''-'[^,,?]i?(i?,,.)(9,«) 

?eE(L>,) 

= - E E ia-\y°'^^^'^^[D,,,]RiD,^,)iq,a) 



eeO(r>;p<^) 

+1-' E E («-^'z)"'(^^'^-)[i?f,.]i?«)('?,«). 

eeO(nB: ) 
A similar argument shows that 
(1.40) E E ia-'qy°'^''-'nDs,<^]RiD,,,)iq,a) 

geO{D;y^) 

+'/"' E E («-^'z)™*(^^^-^[<,.]i?«)(g,«). 

eeO(DS; ) 

From partitions ([L^ . lfL7T\ . ([L^ and ([123]), we know that equations pTTf]) . 
pr28l) . dOH), (fOOl) . ([QQ]) and (fOO)) imply that (fTTOl) is true. This proves 
that (|1.15p is true for D. So we have completed the induction and proved (jl.lSp . 
Plugging a — q^ into equation p.isp . we get p.l6p . D 



2. Color and Orientation in the sl{N) MOY Polynomial 

In Scction[T] we only discussed a very special case of the MOY graph polynomial. 
In this section, we review the sl{N) MOY polynomial in its full generality and prove 
that it is invariant under certain changes of color and orientation. In fact, such 
invariance holds for the colored s[(A^) homology too. 
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2.1. The s((A^) MOY graph polynomial. In this subsection, We review the 
sl{N) MOY graph polynomial defined [15]. Our notations and normalizations are 
slightly different from that used in [TS]. 



Figure 7. 



Definition 2.1. A MOY coloring of an oriented trivalent graph is a function from 
the set of edges of this graph to the set of non-negative integers such that every 
vertex of the colored graph is of one of the two types in Figure [T] 

A MOY graph is an oriented trivalent graph equipped with a MOY coloring 
embedded in the plane. 

A knotted MOY graph is an oriented trivalent graph equipped with a MOY 
coloring immersed in the plane such that 

• the set of singularities consists of finitely many transversal double points 
away from vertices, 

• at each of these transversal double points, we specify the upper- and the 
lower- branches (which makes it a crossing.) 

Fix a positive integer N. Define A/" = {2k - A^ -I- l|fc = 0, 1, . . . , A^ - 1} and 
denote by ■p(A/') the power set of A/". 

Let r be a MOY graph. Denote by £'(r) the set of edges of F, by 1/(F) the set 
of vertices of F and by c : E(r) -^ Z>o the color function of F. That is, for every 
edge e of F, c(e) S Z>o is the color of e. 



E{T) 



V{M) such that 

ip{ei)Uip{e2)- 



Definition 2.2. A state of F is a function tp 

(i) for every edge e of F, #ip{e) = c(e), 
(ii) for every vertex v of F, as depicted in Figure[7l we have ip{e) 

Note that (i) and (ii) imply that ip{ei) D (p{e2) = 0- 
Denote by iSAr(F) the set of states of F. 

Define a function n : V{N) x V{M) -^ Z>o by 

(2.1) ^(^1,^2) = #{(ai,a2) e Ai X Aa I ai > aa} for Ai, A2 G V{N). 

Let (/3 be a state of F. For a vertex w of F (as depicted in Figure [71), the weight 
of V with respect to Lp is defined to be 

c(ei)c(e2) 



(2.2) 



wt(u; Lp) 



7r(</5(ei),'^(e2)). 



Next, replace each edge e of F by c(e) parallel edges, assign to each of these 
new edges a different element of 1^9(6) and, at every vertex, connect each pair of 
new edges assigned the same element of A/". This changes F into a collection Cip of 
embedded oriented circles, each of which is assigned an element of N. By abusing 
notation, we denote by 'p[C) the element of AA assigned to C e C^. Note that: 
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• There may be intersections between different circles in C^. But, each circle 
in C<p is embedded, that is, it has no self-intersection or self-tangency. 

• There may be more than one way to do this. But if wc view C,^ as a virtual 
link and the intersection points between different elements of C^ are virtual 
crossings, then the above construction is unique up to purely virtual regular 
Reidemeister moves. 

The rotation number iot{ip) of ^p is then defined to be 
(2.3) rot(99) = Y^ ^(C)rot(C). 

Note that the sum X^cgc rot(C) is independent of the choice of (p G Sn{Y). We 
call this sum the rotation number of T. That is. 



(2.4) 



rot(r) := ^ rot(C). 



cec^ 



Definition 2.3. [15] The 5{{N) MOY graph polynomial of T is defined to be 

(2.5) 

.^ f E^e5„(r) (n.ey(r) 'f'^'"''^) 9™'^^^ if < c(e) < iVV e £ E{V), 



{^)n ■■= 







otherwise. 



For a knotted MOY graph D, define the s[(7V) MOY polynomial (I?)^ of D by 
applying the following skein sum at every crossing of D. 



(2.6) 




- E (-1) 

A^ fc— inax{0,T7i — n} 



m — kk—m 



N 



(2.7) 




A^ fc— niaxjO.TTi — n} 



k — mm — kt 

Q \ n+fc 



-r^ 



N 



Theorem 2.4. |15| {D)j^ is invariant under Reidemeister (II), (III) moves and 
changes under Reidemeister (I) moves only by a factor of ±q^ , which depends on 
the color of the edge involved in the Reidemeister (I) move. 

As pointed out in [T5], if D is a link diagram colored by positive integers, then 
{D)j^ is the Reshetikhin-Turaev sl{N) polynomial of the link colored by correspond- 
ing wedge powers of the defining representation of s[(A^; C). 

Let D be an oriented knotted 4-valent graph as defined in Subsection 11.31 We 
color all edges of -D by 1 and modify its vertices as in Figure [8l This gives us a 
MOY graph, which we identify with D. Thus, (-D)^ is now defined for any oriented 
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^^ -^ --^ -^ --^ --^ --;^ 



Figure 8. 




knotted 4-valent graph D. Moreover, it was established in [TB] that 



(2.8) 



X) 
X 



TV 



N 



N 



N 






/ N 



(1 



)( 



AT 



-AT 



> 



q 



N 



)( 



N 



N 



)( 



N 



(Note that our normahzetion of {D)j^ is different from that in [T5]. Please re- 
fer to [ini Theorem 14.2] to see how the skein relations in [T3] translate to om- 
normalization.) 

Comparing skein relation p.Sp to skein relations (|1.3p and (|l.lip . one can see 
that 

(2.9) {D)j, = i-iy^R^iD), 

where D is an oriented knotted 4-valent graph, m is the number of crossings in D, 
and D is the oriented knotted 4-valent graph obtained from D by switching the 
upper- and the lower-branches at every crossing of D. 

2.2. Reversing the orientation and the color along a simple circuit. In the 

remainder of this section, we fix a positive integer N . 

Let r be a MOY graph and A a simple circuit of F. That is, A is a subgraph of 
F such that 

(i) A is a (piecewise smoothly) embedded circle in M^; 

(ii) the orientations of all edges of A coincide with the same orientation of this 
embedded circle. 

We call the color change k -^ N — k & reversal of color. It is easy to see that, if 
we reverse both the orientation and the color of the edges along A, then we get 
another MOY graph F'. We have the following theorem. 

Theorem 2.5. 

(2.10) (F)^ = (F% 

Proof. We prove equation (|2.10[) using a localized formulation of the state sum 

Cut each edge of F at one point in its interior. This divides F into a collection 
of neighborhoods of its vertices, each of which is a vertex with three adjacent half- 
edges. (See Figure ini where e, ei and 62 are the three half-edges.) 

Let Lp G Sn^^)- For a vertex of F, if it is of the form v in Figure IHl we denote 
by a the directed angle from ei to e and by (3 the directed angle from 62 to e. We 
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Figure 9. 



define 



(2.11) i-ot{v; ip) = ^ / '«'^^-Xl'^(^) + ^ ("+ / ^dsj ■J2'Pi^^i) 

+ Kdsj -^(^9(62), 



where k is tlie signed curvature of a plane curve and X) ^ •" l^aeA "^ ^'-'^ ^ subset 
A oi Af = {2k - N + l\k = 0,1, . . . , N - 1}. 

If the vertex is of tlie form v in Figure 1^1 we denote by a the directed angle from 
e to ei and by /3 the directed angle from e to 62- We define 



(2.12) rot{v;(p) 



^ Kds-^(p{e) + —(a+ Kdsj •^(/?(ei) 



Using the Gauss-Bonnet Theorem, one can easily check that 

(2.13) T0t{ip) = ^ Tot{v;ip). 

vGV{r) 

So, by Definition 12.31 we have 

(2.14) (F)^ = Zl n g"*(^^'^)+™*('"^'^^ 

veSjv(r)«ev(r) 

Since F' is obtained from F by reversing the orientation and the color of the edges 
along A, there are natural bijections between V{T) and V{r') and between E{r) 
and E{r'). Basically, every vertex corresponds to itself and every edge corresponds 
to itself (with reversed color and orientation if the edge belongs to A.) For a vertex 
V of F, we denote by v' the vertex of F' corresponding to v. For an edge e of F, 
we denote by e' the edge of F' corresponding to e. Given a. (f G Sn{T), we define 
if' : E{r') -^ V{N) by 



(2.15) 



(p'(e') 



ip{e) 



if, 



i?(A); 



\M\ip{e) ifeeS(A). 



It is easy to see that (p' G iSjv(r') and that (^ H- (/?' is a bijection from Sm^^) to 
Sn{V'). 

We claim that, for all v G V^(F) and ip £ 5Ar(F), 

(2.16) wt(w; Lp) + rot(v; ip) = wt(u'; p') + rot(w'; p'). 

From equation (|2.14p . one can see that equation (|2.16p implies Theorem 12.51 
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To prove equation ()2.16p . we need to consider how the change F -^ F' affects the 
vertex v. If v is not a vertex of A, then none of the three edges incidental at v is 
changed. So equation (j2.16p is triviahy true. If w is a vertex of A, then exactly two 
edges incidental at v arc changed, and one of these changed edge must be the edge 
e in Figure |9] (for v in cither form.) So, counting the choices of the form of v and 
the choices of the other changed edge, there are four possible ways to change v if 
D is a vertex of A. (See Figure [T6l below.) The proofs of p.l6|) in these four cases 
are very similar. So we only give the details for the case in Figure [TU] and leave the 
other cases to the reader. 





m — n 



Figure 10. 



First, let us consider wt(w; ip) and wt(u'; ip'). 

., f /x n{N -m-n) 
wt[v;ip) = Tr{ip{e2),(p(e)) 



^ 1 - {n{N -m- n) - 7T{cp'{e'), (p'(e^))) 



= 7r{N\^{e),ip{e2)) 



n{N — m — n) 



Note that 7r((/?(ei), (^5(62)) + n{J\f \ ip{e), 1^(62)) = 7r(A/' \ 1^(62), 1^(62)). The above 
implies 

wt(7;'; if') — wt(i'; ip) 

/.rv / X / XX n(N-m-n) mn , , . , ss 
^ iriM \ V3(e), ^(62)) - ^ - — + 7r((^(ei), (^(62)) 



7r(A/'\V3(e2),¥>(e2)) 



n{N — n) 



- 9llv'(e2)- 



Write (^(62) = {ji, ■ • • , jn} C A/", where ji < J2 < ■ ■ ■ < jn- Then 

7r(A/-\^(e2),^(e2))=X:[i(iV-l-jO-(n-0] = ^^''^ ^ 
/=i 

Altogether, we get 

(2.17) wt(i/; ^') = wt(v; ^) - ^Y. "^(^2). 

Now we compare Tot(v]ip) to rot(w'; 1^9'). As before, denote by a the directed 
angle from ei to e and by /3 the directed angle from 62 to e. Also denote by 7 
the directed angle from e'2 to e^. Note that the directed angle from e' to e'l is —a. 
Since J2^ — ^^ ^'^ have J2i^ \A) — —J2^^'^^ ^W A C M. Moreover, note that 
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reversing the orientation of a plane curve changes the sign of its curvature k. 
rot(w ; Lp ) 



— j^ Kds ■ Y, V'(ei) + ^ (-" + y^, '^^^ j • Y. '^'('^') 

— y Kds ■ Y, <^(ei) + 2^ (" + y '^'^^j • ^ <^(e) 

— (^a + y Kdsj • ^ (^(ei) + ^J^^^ds-Y, '/'(e) 



/ N a - /? + 7 v^ , , 

= rot(u;^)H > (^(ez). 

ZTT ^ — ' 

Note that a — (3 + -f = tt. The above shows that 

(2.18) rot(t/; ip') = rot(w; ^) + ^Y '^(^2)- 

Equation (|2.16p follows easily from equations (|2.17p and (|2.18p . D 

2.3. The colored sl{N) homology. Thcorcm l2.5l is also true for the colored sl{N) 
homology for MOY graphs defined in [19j . More precisely, reversing the orientation 
and the color along a simple circuit in a MOY graph does not change the homotopy 
type of the matrix factorization associated to this MOY graph. To prove this, we 
first recall some basic properties of the matrix factorizations associated to MOY 
graphs. 

We denote by Cn{T) the Z2 ©Z-graded matrix factorization associated a MOY 
graph r defined in [ini Definition 5.5] and by Cm{D) the 2,2® Ij® Z-graded un- 
normalized chain complex associated to a knotted MOY graph D defined in [T^ 
Definitions 11.4 and 11.16]. Recall that: 

• The Z2-grading of CAr(r) and Cn{D) comes from the definition of matrix 
factorizations and is trivial on the homology iJAr(r) and Hn{D) of Cjv(r) 
and CNiD). (See [HI Theorems 1.3 and 14.7].) 

• The Z-grading of CAr(r) comes from the polynomial grading of the base 
ring and is called the quantum grading. The homology Hn{T) inherits this 
quantum grading. 

• One Z-grading of CNiD) is the quantum grading induced by the quantum 
grading of matrix factorizations of MOY graphs. The other Z-grading of 
Cn{D) is the homological grading. Hn{D) inherits both of these gradings. 

Also note that, for a MOY graph T, CnCT) = C'jv(r). 
Theorem 2.6. [H] 

(1) C'jv(OnO — *C{[m]}' where Qm is a circle colored by m. 
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i j k i j k 

(2) C]s{ \4+k ) ~ CNd + f- 




i + j + fc 



i + j + k 



(3) Cn{ 



)^Cn{ 



nrT]}- 



U)c, 



N\ 



)^Cn{ 



){[''T]) 



(5) Cn{ 



I 






(6) C'jv('+" 








l + n 


-1 




* 




1 







(7) CNi „+. 



Cn{ 1 



+1-1 

n + i 



.)(BCn{ 




, ){[7V-™-l]}. 



){n']}®c^i '„,, ){[ri]} 



1/ \m-\-l-l 



U7j=max{m-Ti,0} *-^^i "^3 



^ + i+i){[fc_jj}- 



Here, "~ " means that there is a homogeneous hom,otopy equivalence of chain com- 
plexes of graded matrix factorizations between the two sides that preserves the Z2- 
grading, the quantum grading and the homological grading. 

The above relations remain true if we reverse the orientation of the MOY graphs 
on both sides or reverse the orientation of R^ . 

For a MOY graph T, denote by H-j^{T) the homogeneous part of H]\f{T) of quan- 
tum degree j . Then 



J2q'dimcHj,iT)^{r)j,. 



In other words, the graded dimension of Hn[T) is equal to (r)jy. 
Theorem 2.7. [H] 



(1) Cn{ 




Cn{ 



We call the difference between the two 
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knotted MOY graphs here a fork sliding. The homotopy equivalence remains 
true if we reverse the orientation of one or both strands involved, or if 
the horizontal strand is under the vertex instead of above it. See the full 
statement in |19[ Theorem 12.1]. 
(2) For a knotted MOY graph D, the homotopy type of Cn{D), with its three 
gradings, is invariant under regular Reidemeister moves. 

r^; C^(>0"^) = (?^0™) (m) ||m||{g-'"(^+i-")} 

(4) For a knotted MOY graph D, define the homology Hp^^D) of Cn{F>) as 

in [TH Subsection 1.2]. Then the graded Euler characteristic of Hn{D) is 

equal to {D) j^. 

Remark 2.8. In the above theorems, 

1. "(*)" means shifting the Z2-grading by *. (See for example jl9[ Subsection 2.3].) 

2. "II * II" means shifting the homological grading up by *. (See for example [T9l 
Definition 2.33].) 

3. "{i^(g)}" means shifting the quantum grading up by F{q). (See for example |19[ 
Subsection 2.1].) 

4. Our normalization of the quantum integers is 



L 


■"■ q-q-'' 


[j] 


:=[!]• [2] ••■[.?], 


j 
k 


m 


■ [k]\-[]~k]\ 



From the definition of Cm{F>) in [THl Definitions 11.4 and 11.16], we have the 
following simple lemma. 

Lemma 2.9. [20l Lemma 7.3] 



(2.19) 

(2.20) Cn{ 

Consequently, 




i\\{q~'}. 



i\\{q'}, 



(2.21) 



(2.22) 




n{q~^'}. 



n{q''} 



We will also need the following lemma. 
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Lemma 2.10. 



(2.23) 



(2.24) 




The above relations remain true if we reverse the orientation of the knotted MOY 
graphs on both sides. 



Proof. We prove (|2.23p only. The proof of (|2.24p is similar and left to the reader. 
To prove (|2.23p . we induce on n. When n = 1, (|2.23p is proved in j221 Propo- 
sition 6.1]. Assume (|2.23p is true for n. By Theorems 12. 6[ 12.71 and the induction 
hypothesis, we have 



n + 1 rTT^^ ^^ n + 1 

){\n + \W^c^Lr<^ )^c^(„, 




C'w(„i 





)^CJv(„(^^l ){g™}^(7^( 






71 + 1 

m, + n + 1 



™("+i)[n + l]}. 




){^™(»+i)} 



TTi + n + 1 



By [ini Proposition 3.20], the above implies that 




i(n+l)l 



Tn + n + 1 

This completes the induction and proves (|2.23p 



D 



From [191 Theorems 1.3 and 14.7], we know that the Z2-grading of Cjv and Cj^ is 
always pure and does not carry any significant information. So we do not keep track 
of this Z2-grading in the remainder of this paper. The next is the main theorem of 
this subsection. 
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Theorem 2.11. Let T be a MOY graph and A a simple circuit ofT. Denote by V 
the MOY graph obtained from T by reversing the orientation and the color of edges 
along A. Then, up to an overall shift of the 1,2- grading, we have 

(2.25) CN{r) ~ Cjv(r'). 

Proof. We construct the homotopy equivalence in (|2.25p in three steps. 

Step One: Modifying vertices. Let i; be a vertex in A. We demonstrate in 
Figure [11] how to modify v into its corresponding vertex v' in V using homogeneous 
homotopy equivalence. Here, we assume that the half edges e and ei belong to Ao 




N ~ m — n 



Figure 11. 

Note that: 

(1) By Theorems 12.61 12.71 and Lemmas 12.91 12.101 each change in Figure [TT] 
induces a homogeneous homotopy equivalence. 

(2) The upper right vertex in the last step in FigurefTTjis identical to the vertex 
v' in r corresponding to v. 

Step Two: Modifying edges. After applying Step One to every vertex along A, 
each edge e along A becomes one of the two configurations in the second row in 
Figure [T^ We further modify these two configurations as in Figure W]\ 

Note that: 

(1) By Theorem 12.61 and Lemmas 12.91 each change made to these to configura- 
tions in Figure [12 induces a homogeneous homotopy equivalence. 

(2) At every crossing, the branch colored by N is on top. 

Step Three: Removing the unknot. After applying Step Two to every edge along 
A, we get a knotted MOY graph D consisting of F' and an unknot colored by N 
that is everywhere above F'. We can move this unknot away from F' using regular 
Reidemeister moves and fork sliding (given in Part (1) of Theorem 12. 7p and obtain 
a MOY graph F. By Theorem 12.71 these moves induce a homogeneous homotopy 
equivalence. By Part (1) of Theorem l2.61 we know that removing this unknot from 
F induces a homogeneous homotopy equivalence. 



As mentioned in the proof of Theorem l2.5l depending on the type of v (splitting or merging) 
and the choice of the two edges belonging to A, there are four possible local configurations of A 
near v. (See Figure lTGl below.) Figure [TT] covers only one of these four possible local configurations 
of A near v. But the other three possibilities are obtained from this one type by a reversal of 
orientation or horizontal flipping or both. We leave the construction for the other three cases to 
the reader. 
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. Case 2 




/N N-m N\ 



Figure 12. 




Putting Steps One-Three together, we get a homogeneous homotopy equiva- 
lencq3 from Cjv(r) to Cjv(r'). It remains to check that this homotopy equivalence 
preserves the quantum grading. But, by Theorem l2.61 the graded dimensions of the 
homology of C^i^) and CAr(r') are equal to (r)^ and (F')^, which are equal by 
Theorem 12.51 So any homotopy equivalence from CAr(F) to CAr(F') must preserve 
the quantum grading. This completes the proof. D 

Using similar techniques, we can prove that reversing the orientation and the 
color of a component of a link colored by elements of {0,1,..., N} only changes 
the sl{N) link homology by a grading shift. 

Let L be an oriented framed link in S^ colored by elements of {0, 1, . . . ,N}. 
Denote by /C the set of components of L and by c : /C ^ {0, 1, . . . , N} the color 
function of L. That is, for any component K of L, the color of K is c{K) S 
{0, 1, ... , N}. Furthermore, for any component K of L, denote by w{K) the writhe 
of K and, for any two components K, K' of L, denote by 1{K,K') the linking 
number of K, K' . 

Theorem 2.12. Suppose K is a component of L and the colored framed oriented 
link L' is obtained from L by reversing the orientation and the color of K . Then, 
up to an overall shift of the Z2 -grading, 



(2.26) 



cjv(L')-c'w(^) ii.^ii {g^n, 



■^Strictly speaking, there are two notions of homotopy equivalenee involved here. That is, 
homotopy equivalence of matrix factorizations and homotopy equivalence of complexes of matrix 
factorizations. But it is easy to see that, for Cjv(r) and Cjv(r'), these two notions are equivalent. 
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where 

In particular, 
(2.27) 



s = (iV - 2c{K))w{K) - 2 ^ c{K')l{K, K'). 

K'eK\{K} 



{L')^ = {-lf-'^^^-q-^-{L) 



N ■ 



m N — m m 




Figure 13. 



Proof. Suppose the color of K is m. In a small segment of K, create a "bubble" as 
in the first step in Figure fT3l Then, using fork sliding (Part (1) of Theorem 12. 7p and 
Reidemeister moves of type (II), we can push the left vertex of this bubble along 
K until it is back in the same small segment of K . This is shown in step two in 
Figure [T31 The last two steps in Figure [T3] are local and self-explanatory. The end 
result of all these changes is a link Li consisting of L' and an extra component K 
colored by N that is obtained by slightly pushing K in the direction of its framing. 
(So K is isotopic to A'.) By Theorems l2.61 [2771 and Lemma [2791 each step in Figure 
113] induces a homogeneous homotopy equivalence that preserves both the quantum 
grading and the homological grading. So 

By switching the upper- and lower-branches at crossings, we can unlink K from 
every component of L' . From relations ()2.2ip and ()2.22p in Lemma [2.9) we know 
that unlinking K from a component K' of L' shifts the homological grading by 
-2c{K')l{K,K') and the quantum grading by 2z{K')l{K,K'). Note that: 

• If K' is the component of L' obtained by reversing the orientation and the 
color of K, then c{K') =N - c{K) and 1{K, K') = -w{K). 

• If K' is any other component of L', then K' is also a component of L. More 
precisely, K' elC\{K}. 

Thus, unlinking K from L' shifts the homological grading by 

2{N ~ c{K))w{K) - 2 ^ c{K')l{K,K')=Nw{K) + s 

K'eK\{K} 

and the quantum grading by 

-2{N - c{K))w{K) + 2 ^ c{K')l{K,K') = -Nw{K)-s. 

K'eK\{K} 



KAUFFMAN-VOGEL AND MURAKAMI-OHTSUKI-YAMADA POLYNOMIALS 23 

In other words, we have 

Cn{L' U K) ^ CAr(Li) \\Nw{K) + s\\ {q-N^iO-^}, 

where L' U K is L' plus a copy of K that is unUnked to L'. 

Next, using (|2.19p and (|2.20p in Lemma [2791 we can change K (which is now not 
hnked to U) into an unHnk U with Seifert framing (which is not hnked to U) and 
get 

CNiU) ~ Cn{K)\\ - Nw{K)\\{q^"'^'''^}. 
Putting the above together, we get 

(2.28) CNiL' U f/) ~ Cn{L) \\s\\ {q-^}. 
Finally, by Part (1) of Theorem 12. 6[ we have 

(2.29) Cn{L')2:^Cn{L'uU). 

Homotopy equivalence (P?^ follows from ([^7^ and ^^. D 

For a knotted MOY graph, we also have a notion of simple circuits. For a knotted 
MOY graph D, a subgraph A of I? is called a simple circuit if 
(i) A is a diagram of a knot; 

(ii) the orientations of all edges of A coincide with the same orientation of this 
knot. 

Combining the tricks used in the proofs of Theorems 12.111 and I2.12[ one can 
prove the following corollary. We leave the proof to the reader. 

Corollary 2.13. Let D be a knotted MOY graph and A a simple circuit of D. 
Denote by D' the knotted MOY graph obtained from D by reversing the orientation 
and the color of edges along D. Then, up to an overall shift of the Z2-, quantum 
and homological gradings, Cn{D) is homotopic to Cm{D'). 

In particular, {D)j^ and {D')j^ differ from each other only by a factor of the 
form ztq'^ . 

3. An Explicit so (6) Kauffman Homology 

Theorem 12. 121 implies that the iV-colored s[(2A^) link homology is essentially an 
invariant of unoriented links. If iV = 1, this homology is the well known Khovanov 
homology [12]. In this section, we shed some light on the 2-colored 5 ((4) link 
homology. Specifically, we use results from the first two sections to verify that, up 
to normalization, the 2-colored 5 1(4) Reshetikhin-Turaev link polynomial is equal to 
the so (6) Kauffman polynomial and, therefore, up to normalization, the 2-colored 
s[(4) link homology categorifics the so (6) Kauffman polynomial. We do so by 
comparing the Jaeger Formula for the so (6) KV polynomial (equation (|1.16p with 
A^ = 3) to the composition product of the MOY polynomial associated to the 
embedding s[(l) x s[(3) ^^ s[(4). 

Remark 3.1. There is an alternative approach to the above result. Basically, one 
can apply Corollarv 12.131 to the s[(4) MOY polynomial of MOY resolutions of 2- 
colored link diagrams and keep track of the shifting of the quantum grading while 
doing so. This would allow one to show that the 2-colorcd s[(4) Reshetikhin-Turaev 
link polynomial satisfies the skein relation ()1.1|) for the so (6) Kauffman polynomial. 
We leave it to the reader to figure out the details of this approach. 
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Since the coincidence of the so(6) Jaeger Formula and the sl{l) x s[(3) ^-^ s[(4) 
composition product is itself interesting, we choose to use this coincidence in our 
proof. 

3.1. Renormalizing the A^-colored s[(2A^) link homology. We start by renor- 
malizing the iV-colored sl(2A^) link homology to make it independent of the orien- 
tation. 

Definition 3.2. Let L be an oriented framed link that is colored entirely by N. 
Assume the writhe of L is w{L). We define 

(3.1) C2NiL) = (72^(L)||_^^(i)|i{gf-W}, 

(3.2) R2NiL) ^ (-g)f ■"'(^) (L) 



2N 



Denote by H2n[L) the homology of C2n{L). 

Note that, if A^ is odd, then ^w{L) E ^Z. In this case, C2n{L) and H2n{L) are 
{\1) © (iZ)-gradcd. 

Lemma 3.3. The homotopy type of C2n{L), with its quantum and honiological 
gradings, is independent of the orientation of L. Consequently, R2n{L) does not 
depend on the orientation of L. 



Proof. This follows easily from Theorem 12. 121 D 

3.2. The composition product. Now we review the composition product estab- 
lished in [21] . 

Definition 3.4. Let F be a MOY graph. Denote by c its color function. That is, 
for every edge e of F, the color of e is c(e). A labeling f of F is a MOY coloring of 
the underlying oriented trivalent graph of F such that f (e) < c(e) for every edge e 
of F. 

Denote by £(F) the set of aU labellings of F. For every f e CiV), denote by Ff 
the MOY graph obtained by re-coloring the underlying oriented trivalent graph of 
F using f . 

For every f e >C(F), define a function f on £'(F) by f (e) = c(e) — f(e) for every 
edge e of F. It is easy to see that f G CiV). 

Let V be a vertex of F of cither type in Figure [71 (Note that, in either case, ei 
is to the left of 62 when one looks in the direction of e.) For every f G C{T), define 

b|r|f] = i(f(ei)f(e2)-f(ei)f(e2)). 
The following is the composition product established in [?!] . 

Theorem 3.5. [31] Theorem 1.7] Let T be a MOY graph. For positive integers M, 
N and f G 'C(r), define 

fTA/,w(r, f) = M • rot(Ff) - N ■ rot(Ff) + ^ [t-|F|f], 

vev{r) 

where the rotation number rot is defined in (|2.4p . Then 

(3.3) {T)m+n= E 9^^^'"<"'■(^f)M•(^f)^.. 



KAUFFMAN-VOGEL AND MURAKAMI-OHTSUKI-YAMADA POLYNOMIALS 



25 



Remark 3.6. The composition product p.3p can be viewed as induced by the em- 
bedding su(M) X su(iV) ^ su{M + N). The Jaeger Formula dLll) and ([LTe]) 
can be viewed as induced by the embedding su{N) ^-> so(2iV). In jj, Chen and 
Rcshctikhin presented an extensive study of formulas of the (uncolored) HOMFLY- 
PT and Kauffman polynomials induced by these and other embeddings. 

3.3. The so(6) KV polynomial and the sl(4) MOY polynomial. In this sec- 
tion, we prove that the so (6) KV polynomial of a planar 4-valent graph is equal to 
the s[(4) MOY polynomial of "mostly 2-colored" MOY graphs. 

\ 




., 1 ,, 

3 1 
1 



Type one 



Type two 



Figure 14. 

Definition 3.7. We call a MOY graph mostly 2-colored if all of its edges are 
colored by 2 except in local configurations of the two types given in Figure [Ml 

Note that all vertices of a mostly 2-colored MOY graph are contained in such 
local configurations. 





G(r) 



Figure 15. 

The following is the main theorem of this subsection. 

Theorem 3.8. Given a mostly 2-colored MOY graph T, we remove the A-colored 
edge in every type one local configuration, shrink the square in every type two config- 
uration to a vertex, remove color and orientation, and smooth out all the vertices of 
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valence 2. (See Fiaure\7R) This gives an unoriented A-valent graph G{T) embedded 
in^^. Then 



(3.4) 



(r)4 = P6(G(r)). 



Note that the so(6) Jaeger formula expresses Pq{G{T)) as a state sum of s[(3) 
MOY polynomials and the s[(l) x s[(3) ^-^ ^1(4) composition product expresses (r)^ 
as a state sum of s[(3) MOY polynomials. We prove equation p.4|) by showing that 
these two state sums are essentially the same. Several notions of rotation numbers 
are involved in these two formulas. We need Lemma |3J] below to track the rotation 
numbers of MOY graphs. 

V v' d(v -^ v') 



N — m — n 



N — m ~ n 



N — m — n 



Figure 16. 



Lemma 3.9. Let V be a MOY graph and A a simple circuit ofT. Denote by V 
the MOY graph obtained from T by reversing the orientation and the color of edges 
(with respect to N) along A. Recall that the rotation number of a MOY graph is 
defined in equation (|2.4p . We view A as an uncolored oriented circle embedded M^ 
and define rotA to be the usual rotation number of this circle. Then 



(3.5) 



rotr' = rotr - iVrotA 



E 



d{v -^^ v'), 
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where v runs through all vertices of A, and d{v --^ v') is defined in Figure \7R 



Proof. We prove Lemina lS. 91 using a localization of the rotation number similar to 
that used in the proof of Theorem 12.51 

Cut each edge of T at one point in its interior. This divides F into a collection 
of neighborhoods of its vertices, each of which is a vertex with three adjacent half- 
edges. (See Figure m where e, ei and 62 arc the three half-edges.) 

For a vertex of F, if it is of the form v in Figure [9l we denote by a the directed 
angle from ei to e and by f3 the directed angle from 62 to e. We define 

Tfi ~[~ n f m ( I \ n ( i 

(3.6) rot(i;) = nds ~\ « + / Kds ] ~\ /? + / nds 

27r Je 27r V J^^ J 2tt \ J^^ 

where k is the signed curvature of a plane curve. 

If the vertex is of the form v in Figure IHl we denote by a the directed angle from 
e to ei and by /3 the directed angle from e to £2. Wc define 

(3.7) rot(^) = '-^l-ds+^{a + £ nds) + ^ (/^ + £ -) ds. 

By the Gauss-Bonnet Theorem, one can easily see that 

(3.8) rot(F) = Y^ rot(w). 

vev{r) 




Figure 17. 

For a vertex v of A, denote by ei and 62 the two half-edges incident at v belonging 
to A. Assume that ei points into v, 62 points out of v, and the directed angle from 
ei to 62 is 9. (See Figure [TT]) Define 



(3.9) 



rotA(w) — — / Kds + 9 + nds 

27r V^ei Je2 



By the Gauss-Bonnet Theorem, we know rot A = ^^, rotA(w), where v runs through 
all vertices of A. 

For a vertex 1; of F contained in A, denote by v' the vertex of F' corresponding 
to V. We claim 

(3.10) T0t{v') = T0t{v) - iVrotA(w) + d{v ^ v'). 

Clearly, the lemma follows from p.lOp . 

To prove (|3.10|) . one needs to check that it is true for all four cases listed in 
Figure [T6l Since the proofs in all four cases are very similar, we only check the first 
case here and leave the other three to the reader. 

In the first case, v and v' are depicted in Figure [TUl As before, denote by a 
the directed angle from ei to e, by /3 the directed angle from 62 to e and by 7 the 
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directed angle from e'^ to e\. Then 

, ,, N -m f , N -.,... I 1,1 - I / 

rot^ii j = / Kas H —a + / kcLs I H 7 + / '^"■^ 




m 

N 
~2^ 



= rot(w) ~7VrotA(w) + 



n 

r 

where, in the last step, we used the fact that a + 7 — /3 = tt. This proves (|3.10p in 
the first case in Figure [TBI D 



Now we are ready to prove Theorem 13.81 
Proof of Theorem \8.8[ By the composition product (j3.3p , we know that 

fec(r) 
where 

(3.11) ai,3(r,f) = rot(rf)-3-rot(rf)+ ^ [^'1^1^]- 

vev{T) 

Note that, in order for the product (rf)j • (rf)3 to be non-zero, we must have 
f (e) = 0, 1 and < f (e) < 3 for all edges of T. Define 

C^o{T) = {f e C{T) I f(e) = 0, 1, < f(e) < 3 Ve £ E{T)). 

Then 

(3.12) (r),= E 9'^^'^''"^-(rf)3, 

where we used the fact that (rf)j^ = 1 for all f G £^o(r). 

Denote by E2{T) the set of edges of F colored by 2 and by E{G{V)) the set of 
edges of G(F). Then there is a surjective function g : E2iT) -> E{G{T)) such that 
g{e) is the edge of G(F) "containing" e for every e S i?2(r). 

Note that, for any f G C-n){T), Ff is a collection of pairwise disjoint embedded 
circles colored by 1 (after erasing edges colored by 0.) All possible intersections 
of Ff with type one and type two local configurations (defined in Figure I14p are 
described in Figures [20] and [21] in Appendix JX] where edges belonging to Ff are 
traced out by red paths. 

For any f S £^o(r), we define an edge orientation pf of G{T) such that, for all 
e e E2{T), 

\ the orientation of e if f (e) = 1, 

Pf(g(e)) = < 

I the opposite of the orientation of e if f (e) ~ 0. 

It is easy to check that gf{g{e)) is a well define balanced edge orientation of G{T) 
and the mapping f M- pf is a surjection C^o{r) — > C'(G(F)). 

Given a labeling f G C^o(r), we define a subgraph Af of F (and therefore of Ff) 
such that 
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• if e e £'2(r), then e is in Af if and only if f(e) = 0; 

• edges of Af of other colors (which are all contained in local configurations 
of type one or two) are traced out by paths in Figures [501 and ^T\ in 
Appendix [^ 

It is easy to see that Af is a union of pairwise disjoint simple circuits of F (and 
therefore of Ff .) Reversing the orientation and the color (with respect to 3) of edges 
of Ff along Af , we get a MOY graph F^. By Theoreni l2.51 we have 

(3.13) (Ff)3 = (F^)3. 

In F^, delete all edges colored by 0, contract all edge colored by 2 and smooth out 
all vertices of valence 2. This gives a partial resolution G(F)gf ^^ of G(F)gj, where <;f 
resolves all vertices of G{r)gj except those corresponding to the last case in Figure 
[?n In this last case, we need to further choose the resolution. Note that, by [T51 
Lemma 2.4], we have 

'"" ipK) ^ ?' ., .. ., 

\A K/ 3 \/ X/ 3 \/ X/ 3 

For f G C^o{r) and <^ e E(G(F)gf), we say that <; is compatible with f if, on all 
the vertices that are resolved by c:f , <j agrees with ijf . Denote by Sf (G(F)g,) the set of 
resolutions of G(F)gf that are compatible with f . Then the mapping (f, <;) i— >■ (gf, <;) 
gives a bijection 
(3.15) 

{(f, I f e /:^o(r), <; e Ef (G(F)„)} ^ {(g, <;)\ge 0(G(F)), , G S(G(F),}. 

Let G be a local configuration (of type one or type two in Figure \T^\ in F. For 
f e -C5^o(r) and ^ e Ef(G(F)eJ, we define two indices if,<;(G) and rf,^(G). The 
values of these two indices are given in Figures [20] and [2T] in Appendix [X] It is 
straightforward to check that 

(3.16) rot(G(F),,,J - rot(F9 + ^^ ff,,(G), 

c 

(3.17) rot(G(F)„,J = rot(Ff) - rot(Af) + ^rf,,(G), 

c 
where G runs through all local configurations of type one or two in F. 

Combining the above and Lemma 13.91 "^c have that, for any f £ Z!^o(r) and 
, e Sf(G(F),,), 

(3.18) (Ti,3(F,f) 

= rot(Ff ) - 3rot(Ff ) + ^ [t;|F|f] 
vev(r) 

= rot(F0 - 3(rot(Ff) - 3rot(Af)) + ^ {[v\r\f] - d{v -^ v')) 

v<£V{r} 

= -2rot(G(F),,,,) + ^(3rf,,(G)-tf,,(G))+ ^ ([«|F|f] - d(« ^ z;')) 
c vev{r} 

- -2rot(G(F),„ J + J2 I 3n,.(G) - if,,(G) + ^ ([«|F|f] - d(« ^ ^/)) , 
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where C runs through all local configurations of type one or two in F, V{C) is the 
set of vertices of C, and we use the convention that d{v ^^ u') = if the vertex 
V is unchanged in Ff -^ F^. The values of rf,^{C), tf^^{C), J2v<£V(C)\-'^\^\^'\ ^^'^ 
S«6V(C) '^(^ ^^ ^')) ^-^"^ recorded in Figures [20l and [2T] in Appendix [A] One can 
verify case by case that 



(3.19) 3rf,,(C)-if,,(C)+ V {[v\r\f] - d{v -^ v')) 



E 

v&V{C) 



' 1 if C is of type two and <; applies L 

to the corresponding vertex in G(F)gf, 

= < — 1 if C is of type two and c; applies R 

to the corresponding vertex in G{T)g^, 

^ otherwise. 
Equations (fSTTSl) and (|3TT9| imply that, for any f e C^oi'i") and ^ e Sf(G(F)gf), 

(3.20) q^iMr.f) ^ ^-2rot(G(r),„,) . [^(F)^,, <;]. 

In view of bijcction (jXTSj) . it follows from (EH), ([XT^ . ((Xn|) . ((XTi)) and ((X^ 
that 

(3.21) (F), = E E 9~'™'^^^^^-^^-[G(F),„,].i?3(G(F),„J 

= E E 'Z-^™'^^^"'^'^-' ■ [G(F)„ ,] . i?3(G(F),,). 

eeo(G(r))?GE(G(r)g) 

Comparing the right hand side of p.2ip to the Jaeger Formula (|1.16p in Theorem 
[niweget(F)4 = P6(G(F)). D 

3.4. An explicit so(6) Kauffman homology. Webster [T7l[TH] has categorificd, 
for any simple complex Lie algebra g, the quantum q invariant for links colored 
by any finite dimensional representations of g. But his catcgorification is very 
abstract. For applications in knot theory, it would help if we have categorifications 
that arc concrete and explicit. For quantum sl{N) link invariants, examples of such 
categorifications can be found in [T^l [131 HH] ■ We know much less about explicit 
categorifications of quantum 5o{N) link invariants. Khovanov and Rozansky |14| 
proposed a catcgorification of the so(2A^) Kauffman polynomial. But its invariance 
under Reidemeister move (III) is still open. They did however point out that the 
so (4) version of their homology is isomorphic to the tensor square of the Khovanov 
homology |12] and is therefore a link invariant. More recently. Cooper, Hogancamp 
and Krushkal [5] gave an explicit catcgorification of the so(3) Kauffman polynomial. 
Theorem 13.81 allows us to give an explicit catcgorification of the so (6) Kauffman 
polynomial. More precisely, we have the following theorem. 

Theorem 3.10. Let L be an unoriented framed link in S^ . Fix an orientation g of 
L, color all components of L by 2 and denote the resulted colored oriented framed 
link Lg . Then 

(3.22) i?4(4')) = (-1)"P6(I), 
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where the polynomial R4 is defined in Definition \3/A m is the (Li -) number of 
crossings in L, and L is the mirror image of L, that is, L with the upper- and 
lower- branches switched at every crossing. 

Consequently, the renormalized sl{4:) homology H 4^{Lq ) categorifies (— l)™Pg(L). 




Figure 18. MOY resolutions 




Figure 19. KV resolutions 



(2) 
Proof. Replace every crossing of Lg by one of the three local configurations in 



FigureHH We call the result a MOY resolution of L), ' and denote by MOy{L);') 
the set of MOY resolutions of ig . Replace every crossing of L by one of the three 
local configurations in Figure [TH We call the result a KV resolution of L and 
denote by /CV(L) the set of KV resolutions of L. Note that the mapping F M- G{T) 
defined in Theorem [3l] gives a bijection MOyiLf'') -)■ JCV{L). 
Compare the skein relations 




) = -1 



= q 




\ 



)+i?4( 



1 

3 1 

1 



) - qRii 



\ 



= -q-'Rii 



) + Ri{ 



)-P6{ 



3 

1 1 
1 



) - qRii 





) + qP6i 
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It is easy to see that equation p.22|) follows from equation p.4|) in Tlieorem l3.8l D 

Question 3.11. Is Hi{Lg ') isomorphic to the so(6) version of the homology de- 
fined in [H]? 
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Appendix A. Figures Used in the Proof of Theorem 13.81 
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In Figures HOI and HU edges along red paths belong to Ff and edges along blue 
paths belong to Af. 
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Figure 20. 



34 



HAO WU 



E[''|r|fl 



r - 

■ 1 ■ 

3 1 











(tf..,n,.) 



(0,0) 




J^' 



1 

3 1 

1 



/^5 2S\ ^ ^ ^ -^ ^ ^ i'/A 






1 

3 1 
1 




(0,0) 




^^.F^*^ 



1 

3 1 
1 



A^%, - 





(0,0) 




I 



1 

3 1 
1 



^k 





-^ A t 



(0,0) 




^t. 



/^ 



1 
3 1 

1 



^ 



>X2 V 



^ 




1 
1 



(0,1) 



^ 



10 



^ 



"^ 



^ 



v..^-^ 



^ (0,0) 

1\ -- -- -- -- -- ->- . 



^ 



A 



n 



v^^a 



n 



^.^~^~-^ 




Figure 21. 



